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Abstract — We give a mathematical framework for manipulat- 
ing indeterminate-length quantum bit strings. In particular, we 
define prefixes, fragments, tensor products and concatenation of 
such strings of qubits, and study their properties and relation- 
ships. 

The results are then used to define prefix-free Hilbert spaces in 
a more general way than in previous work, without assuming the 
existence of a basis of length eigenstates. We prove a quantum 
analogue of the Kraft inequality, illustrate the results with some 
examples and discuss the relevance of prefix-free Hilbert spaces 
for lossless compression. 

Index Terms — Quantum Prefix Code, Prefix Hilbert Space, 
Lossless Compression, Quantum Compression, Quantum Bit 
Strings. 



I. Introduction and Formalism 

IN classical information theory, prefix codes play a crucial 
role in coding theory and compression [1], as well as 
in algorithmic information theory 0. Thus, it is a natural 
question how the concept of a prefix code can be generalized 
to quantum information theory. 

Quantum prefix codes have first been defined by Schu- 
macher and Westmoreland U. They also proved a quantum 
version of the Kraft inequality, and showed that quantum prefix 
codes can be used for lossless quantum compression. A basic 
problem for lossless compression in the quantum case is that 
different code words may have different lengths. Say, if one 
message has code word 00, and another one has code word 
1111, then we may also have a superposition of both messages, 
leading to code words like 

|V.) :=-^(|00>-|llll». 

Thus, lossless compression naturally leads to quantum bit 
strings (qubit strings) which are superpositions of classical bit 
strings of different lengths. There is a lot of previous work 
on such "indeterminate-length qubit strings" and the related 
problem of lossless quantum compression, see for example 
HI, 0, 10, and Q. 

Formally, qubit strings like \ip) can be defined as elements 
of a Hilbert space 7i{o.i}*, the string space. It contains 
the classical binary strings {0,1}* = {A, 0, 1, 00, 01, . . .} 
as orthonormal basis vectors (A denotes the empty string). 
Starting with C 2 , the usual n-qubit space is the n-fold tensor 
product (C 2 ) . Allowing every possible length n £ No, we 
define the string space 7i{o.i}* as the linear span of all the 



n-qubit spaces, that is, as the direct sum 



n {o,i}> : = 
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Instead of working directly on 7i{o.i}*, Schumacher and 
Westmoreland [3] used a construction called zero-extended 
form: indeterminate-length qubit strings like \ip) are filled up 
with zeroes, until they have a fixed length n, i.e. they are 
ordinary vectors in (C 2 )®". The space of allowed code words 
is then spanned by self-delimiting quantum strings \tfi) (with 
zeroes appended). Each basis code word \cpi) contains in its 
superposition only classical strings of some fixed length li 
(the qubit strings \<pi) are "length eigenstates"). 

Consequently, in that approach, every quantum prefix code 
has a basis of length eigenstates. However, this is some 
kind of artificial restriction, resulting from the construction 
of zero-extended forms. It is an interesting question if this 
restriction can be lifted, and what can be gained by a potential 
generalization. 

In this paper, we give such a generalization by defining 
quantum prefix codes directly on the string space 7i{o,i}*- 
This also has the advantage to refer to indeterminate-length 
qubit strings like \ip) in a more natural and direct way, without 
zero-extended forms. Meanwhile, we define and analyze how 
such qubit strings can be manipulated: we define prefixes, 
concatenations, restrictions and tensor products. 

The paper consists of two parts: Section HT1 is rather abstract; 
it contains the formal preparations and definitions. In contrast, 
Section [III] is more easy and intuitive: it studies the properties 
of prefix-free sets on the string space. In particular, it contains 
a quantum generalization of the Kraft inequality for arbitrary 
prefix-free Hilbert spaces. 

We conclude this introduction by explaining some more for- 
malism. We denote the length of a classical string s £ {0, 1}* 
by £(s). The subspace of 7i{o,i}* which is spanned by the 
classical strings of length less or equal than k is denoted H.<k, 
i.e. H< k := (B k n= o (C 2 )®". For example, \ip) £ H< 4 , but 
\ip) TC<3- The space 7i{o.i}* contains a natural "length 
observable" A, an unbounded operator, which is defined by 
linear extension (with maximal domain of definition) of 

A|s) :=£(s)\s) for all s£ {0,1}*. 

As we will see later, prefixes of qubit strings can be mixed 
quantum states. For this reason, not only state vectors \ip) £ 
7i{o,i}* , but also density operators p on 7i{o,i}* will be called 
qubit strings. We define the "base length" £(p) of some qubit 
string p as 

l{p) := max{£(s) | s £ {0, 1}*, (s\p\s) > 0}. 

A qubit string p is called "length eigenstate" if (s|p|s) > 
only for strings s £ {0, 1}* with fixed length £(s) — £(p). 
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Moreover, we define the "average length" £(p) as 

£{p) := Tr ( P A) . 

If U C Ti is some closed subspace of a Hilbert space Ti, then 
P(U) denotes the orthogonal projector onto U. The cardinality 
of some set I is denoted |7|. By 1, we denote the identity map, 
and In is the identity map on some Hilbert space Ti. The 
symbol o is for concatenation, e.g. 10 o 01 = 1001. The set 
of bounded operators on a Hilbert space Ti is denoted B(Ti), 
and the set of density operators on Ti is S{Ti). 

II. Prefixes, Fragments, Tensor Products, and 
Concatenation of Quantum Bit Strings 

Given some qubit string \p E Tt{o,i}*, then how can we 
define its prefix </?", i.e. the fragment of the first n qubits of 
ipl For some quantum state on a tensor product of Hilbert 
spaces, the restriction of that state to a subsystem is given by 
the partial trace, and so should be ip™. But partial traces are 
only defined if there is some tensor product structure; apriori, 
7i{o,i}* does not have any tensor product structure. 

We can solve this problem by recalling that we would 
like to use indeterminate-length qubit strings for quantum 
computation. For this reason, we must somehow embed such 
qubit strings in the memory of a quantum computer. This idea 
led Schumacher and Westmoreland to the definition of zero- 
extended forms 0. 

Instead of appending zeroes, we can recall how classical bit 
strings are written on the tape of a Turing machine (TM) 0. 
The tape of a TM consists of infinitely many cells, indexed 
by integers. Each cell can either carry a 0, a 1, or a blank 
symbol If a bit string s of length £ is input into the TM, 
then the first I cells are filled with the bits of s, and all the 
other cells are blank. In every step of the computation, all but 
a finite number of cells carry the blank symbol 

The tape of a quantum Turing machine (QTM) [|8] is very 
similar, but it can also carry superpositions and mixtures of 
classical tape configurations. Our idea is to embed qubit strings 
in the tape's Hilbert space, use the operations (partial trace or 
tensor product) on this Hilbert space, and then "read off" the 
result to get back to string space. This is illustrated in Figure Q] 
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Fig. 1. To compute the prefix ipf of \if>) := 4= (|00) - 1 1111)), the qubit 
string is embedded in the tape Hilbert space rtjj. The result is mixed. 



Since we are not interested in the details of the computation, 
but only want to embed qubit strings into the tape, it is 



sufficient for our purpose to have one-way infinite tapes, i.e. 
tapes with cells indexed by the positive natural numbers. We 
can then define Tin as the Hilbert space which is spanned by 
the classical tape configurations Tjj, where 

Tfi := {t £ {0, 1, #} N | only finitely many U ^ #}. 

For example, |101#0### . . .) € Ti N , but |111 . . .) g Ti N . 
Since there are only countably many configurations with 
finitely many non-blanks, the Hilbert space Tin is separable. 

The set of classical configurations T has a product structure: 
For any subset I C N, define 

Tj := {t € {0, 1, #} J | only finitely many U ^ 0}. 

Then, Tj gives us all the possibilities to choose symbols from 
{0, 1, #} at the cells indexed in I. If I C N is a finite set, then 
Ti = {0, 1, #} / . Moreover, it holds T N = Tj x T N y. Thus, if 
Til is the Hilbert space spanned by the classical configurations 
in T], then Tin has the tensor product structure 

Tin = Tii ® Ti N \j. 

Writing down a configuration in Tj symbol by symbol, we 
get strings like s = 01#0#1## . . . or t = 1001### . . .. 
We call configurations like t (but not like s) that start with 
some bits, followed by blanks, bit string configurations. The 
bit string configurations in Tj span a Hilbert subspace Tif C 
Tii- For example, if I = {1,2}, then Tii is a 9-dimensional 
subspace of Tin, containing the strings 00, 01, 0#, 10, 11, 
1#, #0, #1, as orthonormal basis vectors. In contrast, 
Tif is then 7-dimensional, and does not contain the strings 
#0 and #1, because they are not bit string configurations. 

If s is a classical bit string with £(s) < |/|, then we can 
embed the vector \s) £ 7i{o,i}* into Tif : just define 

Ui\s):=\ ^ ###•..), 

[il, -,*£(*)] [i £(s)+1 ,i m ] 

i.e. fill up the cells with the bits of s, followed by blanks, and 
linearly extend this map to the other vectors. Then Ui is a 
unitary map of the form 



Ui '■ Ti<\i\ 



n_jS 



i.e. it embeds all quantum bit strings of base length less than 
1 7 1 unitarily into Tif. 

To embed a qubit string into the tape Hilbert space, we first 
use the maps Ui to map it into Tif, and then we would like 
to treat the resulting state as a state on Tii- The map which 
embeds vectors from Tif into Tii will be called lj. This is a 
linear map n : Tif — > Tii which does not affect vectors at 
all, i.e. Li\ip) = \<p) for all \<p) £ Tif. However, note that its 
adjoint l*j is not so trivial: in fact, it projects vectors from Tii 
onto Tif, that is, 

i\ii = l n s, but LiL*i=F(nf). 

This reflects the fact that only elements from Tif can be 
treated as valid qubit strings; elements from the orthogonal 
complement have to be dismissed somehow (we will see 
in some examples later how this projection property enters 
calculations). 
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the string space, then we define the tensor product A ®j B as 
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Fig. 2. The structure of maps and spaces used to embed qubit strings from 
W{o,i}» m to the tape Hilbert space Tifj. Here, / C N is assumed to be 
infinite, and J C N is finite. 



Figure |2] shows the structure of subspaces and maps that we 
have just defined. 

We can now use this tensor product structure in 7Yn to define 
tensor products and partial traces (prefixes) on 7i{o,i}*- 

Definition 2.1 (Prefixes and Restrictions of Qubit Strings): 
For every qubit string p 6 6>(H{ ,i}* ) and / C N, we define 
the restriction pj of p to the bit positions / as 

pi := UjL^Trf}^ (LfnUfipU^i^) aUi. 

We also use the notation pj^ : — P[m.n] f° r Tn,n £ N, and we 
call p n :— p™ the n-qubit prefix of p. 

While this definition looks quite formal, it is easy to 
implement in calculations: just fill in "missing" qubits with 
blanks (#) that are treated as orthogonal to or 1. For 
example, if \ip) := ^ (|1) + 1 110)), then 

$ := |V>}(V>I? = ^(|1##)(1##I + |1##)<110| 



|110)(1##| + |110)(110|), 



= i|l#)<l#| + i|l#)(H|-Tr|#)(0| 
+ i|ll)<l#|.Tr|0)<#| + i|ll)(ll| 

= i|i)(i| + i|ii)<n|. 

This also shows that prefixes of pure qubit strings do not have 
to be pure, in contrast to the classical situation. 

For every density operator p, the restriction or fragment pi 
is also a valid density operator. This follows from the fact that 
the partial trace Tr^u (t^Uj^pU^L^) maps p into the states 
on the subspace Ti.f, i.e. the resulting density operator has 
vanishing support on non-bit string configurations like 1#0. 
In general, if a is a density operator with full support on Tt§, 
then Tr N y<7 is a density operator with full support on Hf. 
This is easy to check; we omit the simple proof. 

We can also define a tensor product on 7i{o,i}* ■ The idea is 
to define some product A®i B which means that we put the 
observable A in the places indexed by /, and the observable B 
in all the other places. However, this tensor product does not 
make quantum mechanically sense for all choices of factors 
and subsets; we will discuss this problem afterwards. 

Definition 2.2 (Tensor Product on String Space): 
Let JcN with n := \I\ and m := |N \ / 1 (possibly n=oo or 
m = oo). If A £ B(H< n ) and B £ B(TL< m ) are operators on 



If p and a are qubit strings such that p is a length eigenstate, 
we set 

p®a:= p®[i,£(p)] a. 

If p is a length eigenstate, the tensor product is well- 
behaved. For example, 

{p®a) t[p) =pand (p <g> a) 



This can easily be checked by inserting the definition. In this 
expression, we can replace £(p) +l{o~) by any larger integer or 
by oo, but not by £(p) +I(a). For classical strings, the tensor 
product turns into concatenation: Let n := £(s), then 

|s)®|£) = C^N^N ( t [l,«]C / [l,n]|s) <8> t[n+l,oo)^[n+l,oo)|*)) 

= (\s) ® |t## ...)) = U^\s oi##.. .) 

= \sot). (1) 

However, we need the restriction that p shall be a length 
eigenstate to assure that the intermediately computed density 
operator lives on the subspace H«, i.e. can be interpreted 
as a valid qubit string. Otherwise, we get into trouble and 
lose normalization. For example, if = ||A) + ||0) (recall 
that A is the empty string), then the unphysical tensor product 
W)®\1) ~ |1) is 



|1) 



|1##-. 



— U N L N 



§l#> 



.)+-C/^|01##...) 
s 5 



= \^ 

which is no state vector, because it is not normalized. 

This reflects the fact that is is physically unfeasible to 
put the states \ip) and |1) side by side on the tape without 
intermediate blanks. A similar situation arises when we use 
the tensor product (g)j for some bad choice of /: For example, 

|n)o [3 ,4] |o> = £/34|o#n##...) = o. 

Apart from the fact that bad choices of I and/or p destroy 
normalization, the tensor product ®j behaves very much like 
the "classical" tensor product on a bipartite Hilbert space. For 
example, we have the following relation between the partial 
trace and the tensor product: 

Lemma 2.3: If p is a qubit string and J cN, then 

Tr( Pl A) = Tr(pA ®/ 1) 

for every A £ B(H<\i\)- 

Proof: This is a matter of calculation: 

Tr(piA) = Tt[Uil}Tt n \j (LfiUnpUi q L* q ) liUiA] 

= Tr [Tt N \j (ifiUfipU^L^) LiUiAUjfj] 

= Tr [(bsUspO^I^) • ({LiUiAUfi}) ® lw NU )] 

= Tr [pC/*4 ((LiUiAUtfi) <g> 1« NVI ) LnUn] . 



QUANTUM BIT STRINGS AND PREFIX-FREE HILBERT SPACES 



4 



At this point, we can split the operator 1h nvj into two parts: 
It holds 

l« N xx=P(wf\z)+p((<\/) X ) =:P + P X . 

We would like to show that the part of the above expression 
which corresponds to F 1 - vanishes. Let A := ljUiAUj 
Let \t) £ be arbitrary and let \s) £ Ti.§ be a bit string 
configuration. Denote N \ I =; {ji,j2,j3, ■ ■ ■ then 

(s|^(i®P x ) \t) = (s|(i®P X )|t) 

= (■\A\-)-( Sjl s n ...\P ± \t 3l t ]2 ...}. 

If tj 1 tj 2 ... is a bit string configuration then P l^t^ ■ ■ •) = 
0. Otherwise, F ± \tj 1 tj 2 • • ■) = \tj t tj 3 . . .); but then, the scalar 
product is zero, since Sj 1 Sj 2 ... is a bit string configuration. 
Consequently, 

l* n (A <g> P X ) = 0. 

Thus, we get 

Tr( Pl A) = Tr [pU^ ((nUjAU^}) P) unUy] . (2) 
Finally, inserting 

P = <>N\I<>m\I = <-N\7^N\/l-H<|N\j|^N\7 t N\H 

we see that the right-hand side of © equals Ti(pA&i 1). □ 

Our aim is to define prefix-free quantum codes. For this 
reason, we have to define what we mean by concatenation of 
quantum bit strings. This can be done by linear extension of 
the classical concatenation operation: 

Definition 2.4 (Concatenation of Quantum Bit Strings): 

For every qubit string \t/j) — >~2te{o l}* a *l^) an( ^ s e 1}*' 
we define the concatenation \ip o s) by 

\ip ° s) := 2J a t\t ° s )- 
te{o,i}* 

Moreover, if \<p) = 2~2te{o i}* & I*) ^ s an °ther qubit string, 
then we set 

\ipo V ):=\i/j)o\(p):= Yl W°t). 

te{o,i}* 

Clearly, for every fixed s £ {0, 1}*, the map \ip) >— > \ip o s) is 
an isometry. However, the map i— > <£>) is not isometric 
in general. For example, if = (|0) + 1 00) ) and |<^) = 
^ (|0) - |00», then 

l*o„> = (>) + ^|oo))o (>->o)) 

= i|0o0)-i|0o00) + i|00o0)-i|00o00) 

= ||00> - ||0000>. 

This resulting vector is not normalized. Thus, the concatena- 
tion operation can be unphysical if the first quantum bit string 
is not a length eigenstate. But if it is, it coincides with the 
tensor product. We omit the simple proof. 

Lemma 2.5 ( Concatenation and Tensor Product): 
If \ip) £ H{o,i}* are qubit strings such that is a length 
eigenstate, then o \ip) = g) \(p). 



III. Prefix-Free Quantum Bit Strings and the 
Quantum Kraft Inequality 

Now we are ready to define prefix-free sets of quantum bit 
strings. 

Definition 3.1 (Prefix-Free Sets of Qubit Strings): 
A set M C ?i{o,i}* °f qubit strings is called prefix-free, if 
one of the four following equivalent conditions holds: 

(1) For every \ip), \ip) £ M and classical string s £ {0, 1}* \ 
{A}, it holds (ip\ip o s) = 0. 

(2) For every \ip), £ M and qubit string \\) -L |A), it 
holds (ip\tp o x) = 0. 

(3) For every \ip),\ip) £ M and classical strings s,t £ 
{0, 1}* with s ^ t, it holds (tp o t\ip o s) = 0. 

(4) For every \ip), \ip) £ M and qubit strings |x),l T ) € 
H{ ,i}* with |x) -L |t), it holds (<p o r\tjj o x) = 0. 

It is easy to see that these four conditions are equivalent: (2) 
(1), (3) (1) and (4) =*> (3) are trivial. (1) (2) and (3) 
(4) follow by expanding the definition of IV 1 ° x) and \ip o r). 
To see that (1) (3), note that for every \<p), \ip) £ 7i{o,i}*, 
it holds 

(po0|V>ol) = ((^o l|^o0) = 

and also 

(</3 o Oj-0 o 0> = (y? o l|^f o 1) = 
It follows for s, i € {0, 1}* with i(s) > t(t) that 

I otherwise. 

The most interesting case is when the set M is itself a closed 
subspace H of 7i{o.i}*. Such a "prefix-free Hilbert space" is 
the quantum analogue of a (prefix-free) code book. For this 
situation, we have the following lemma: 

Lemma 3.2: A Hilbert space 7i C H{o,i}* is prefix-free if 
and only if it has a prefix-free orthonormal basis. In this case, 
every orthonormal basis of 7i is prefix-free. 

Proof: Let {e^ji be a prefix-free orthonormal basis of H 
and let \v), \ w) £ Ti and s ^ A be arbitrary. Expanding \w) 
as \w) = Y,j a j\ej), we get 

(e, o s\w) = aj (e t o s\e.f) = 0. 
j V o ' 
Moreover, if \v) = f3i\ei), then 

o s|w) = /?* (ei o s\w) =0. □ 
i " o ' 

Unlike in the classical case, quantum bit strings can be prefixed 
by themselves. In other words, there are qubit strings \ip) £ 
H{o i}* such that the set {\<p)} is not prefix-free. For example, 
if \<p) := ± (|A) + |0)), then (<p\ip o 0) = \ ± 0. 

However, even if a qubit string consists of a superposition 
of classical strings where some string is the prefix of another, 
it need not be a prefix of itself. For example, the qubit string 

\<P) := ||1> -t" §]10> -h §10> - ||00> 
is not a prefix of itself. In particular, {(p\ip o 0) = 0. 
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So far, the definition of a prefix-free Hilbert space has 
been a purely formal generalization of the classical definition. 
Now we will see that this definition really has desirable 
properties: every basis vector of length n can be distinguished 
with certainty from every other (even longer) basis vector by 
measurement on the first n qubits only. Yet, this is only true 
for orthonormal bases of length eigenstates. 

Lemma 3.3: An orthonormal system M C W{o,i}* which 
consists entirely of length eigenstates is prefix-free if and only 
if for every \(p), \ £ M with \<p) ^ it holds 



*W|V) = o. 



Proof: Let \<p), \tp) £ M with \ip) ^ \ip) and let n :- 
£(ip)- Using Lemma 1231 and Lemma l2~5l we get 



= Trd^X^j • |^><^| Ol) 

= (<P\(\Tp)(i>\®\s)(s\)\<p) 
se{o,i}* 

= X! I \ L P\^° s)(tpo s\<p) 
se{o,i}* 

£ |(v^o,s)| 2 . 

sG{0,l}'\{A} 

Thus, the left-hand side is zero if and only if every addend on 
the right-hand side is zero. For the case that \ip) = note 
that a length eigenstate can never be a prefix of itself. □ 

This lemma also shows that in case there exists an orthonormal 
basis of length eigenstates, our concept of a prefix-free Hilbert 
space is equivalent to the definition by Schumacher and 
Westmoreland [3|. However, we do not fill up the code words 
with zeroes, and we have no global upper bound on the code 
word length. 

Moreover, we can study "quantum prefix code books", that 
is prefix-free Hilbert spaces, that do not have any basis of 
length eigenstates. The orthonormal bases of such Hilbert 
spaces do not necessarily have the property of Lemma 13.31 
Here is an example: 

Example 3.4 (Strange Prefix-Free Hilbert Space): Let 
\ip), \(f) £ H{o,i}* be the two vectors 



M:={^<|1> 



|01)),i(|10>-|010» 



Then M is prefix-free. In particular, it holds 

(y# o 0) = i «1Q| - (010|) (J10) + |010)) = 0. 

Moreover, M is an orthonormal system. According to 
Lemma [3~2l M spans a prefix-free Hilbert space. This Hilbert 
space does not possess an orthonormal basis of length eigen- 
states. Also, \(p) and \ip) can not be distinguished by looking 
at the first 2 qubits only: It holds 

/W = |^)K = i|10)(10| + i|01)(01|, 

so (^W|V) = 1^0. 



We would like to prove a quantum version of the Kraft 
inequality. This has been done by Schumacher and Westmore- 
land [3 1 for the case that the code space is spanned by length 
eigenstates. However, we would like to prove a generalization 
of that inequality for arbitrary prefix-free Hilbert spaces, even 
if they do not have an orthonormal basis of length eigenstates. 
This needs some preparation: 

Proposition 3.5: Let {|e,)}i e / C 7i{o.i}* be any orthonor- 
mal system, spanning a Hilbert space Ti C 7i{o,i}*- Then, we 
have 

< 2~' (ei) < Tr (2- A P(H)) . 
iei iei 

If the left-most expression is finite, then equality holds if and 
only if every |ej) is a length eigenstate. 

Proof: The first inequality is trivial, since £(ip) < £(ip) 
for every \ip) £ 7i{ ,i}*- Every vector can be expanded as 

oo 2 l 

\<p) = ^2^2ctki\ski) with s k i G {0, 1}'. 

;=o fc=i 

It follows that 

oo 2 l 
1=0 k=l 

Since the function x 2~ x is convex, it holds for every 
set of probabilities {A;}i with J2i Aj = 1 and Aj > that 

< £\Ai2- a \ so 

oo 2 ! 

2 -%) = 2-E.E, M 2 i < \a kl \ 2 2- 1 - (^|2- A |^). 

i=o fc=i 

The second inequality in the proposition follows then from 
inserting for and summing over i. This also shows that 
left- and right-hand side can only be equal if all the addends 
are equal, that is, if 



= ( ei |2- A |e 4 ) 



(3) 



for every i. But (ej|2 



-Al 



= J2ik\ a ki\ 22 is a convex 



combination of different 2~'-terms, where the largest term 
is 2~ l ^ ei \ Thus, if <[3j holds, then all the weight must be 
concentrated where I — £(e,), such that ei is a length 
eigenstate. □ 

Now we are ready to state the quantum generalization of 
the Kraft inequality: 

Theorem 3.6 (Quantum Kraft Inequality): 
Let {\ei)}i e j C 7i{o,i}* be a prefix-free orthonormal system, 
spanning a Hilbert space 7i C 7i{o,i}*- Then, it holds 

2~^ < ^ 2~ 1 ^ < Tr (2- A P(H)) < 1. 



Equality holds for the left three terms if and only if every |e») 
is a length eigenstate. 

Proof: Using Proposition [33] all we have to prove is that 
Tr (2~ A P(H)) < 1. We may restrict to the case that J is a 
finite set, and that the base lengths of all je*) are finite. The 
general case then follows from a continuity argument. 
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It will be helpful for the proof to define a quantity called 
the weight of a vector \<p) g H{o,i}* on some classical string 
s € {0, 1}*. We define it as 

«V(*):= E l^°*l s )| 2 - 
te{o,i}* 

We first show that J^iei w e; ( s ) — 1> c ' ue t0 the prefix property 
of {|ei)}. If i 7^ j or u 7^ t, then (e, o t\ej ou) = 0. Thus, the 
set 

{\ ei ot) I i e l,t e {0,1}*} 

is an orthonormal system in 7i{o,i}*- It follows that 

J2 E \eiot)(eiOt\<l. 
iei te{o,i}* 

In particular, it holds 

1 = <«|») > E (s\e z ot)(e % ot\s) 

iei *G{0,1}* 

= E E \(ei°t\s)\ 2 = J2 w ^ s )- 
iei te {0,1}* iei 

Now choose some n > maxi e / £(ei). Clearly, the "full 
weight" W on {0, 1}™ satisfies 

W: = E <i{o,i} n i-i = 2 n - 

UG{0,1}" iei 

Expand each |ef) as |ej) = X)se{o 1}* a is\ s )- ^ n f act ' if ^( s ) > 
n, then a^ s = for every i. If s, i <E {0, 1}*, then 

{e t ot\u)= a is (s°t\u), 

se{o,i}* v ~p' 

so I (a o t|it) 1 2 = I ai S 1 2 for that s for which sot = u (or zero 
if there is no such s). Thus, 



w eA u ) = E K 6< ° 



E 



te{o,i}* 



prefix of u 



This statement can also be understood as follows: For every 
s, the vector |e») contributes to the weight of every exten- 
sion ti e {0,1}" of s with |ai S | 2 . There are 2™~ £ ^ s ) such 
extensions. Thus, |e<) contributes to the full weight some 
weight 2 ,l_f ( s )|ai S | 2 for every s. Summing over s and then 
over i yields 



,n ^ ls) |a,J 2 



2" > w>^2 E 2 "' 

iei se{0,l}* 
= 2"^( ei |2- A | ei ) = 2 n Tr (2" A P(W)) . 



□ 



iei 



Example 3.7: Suppose the Hilbert space H is spanned by 
the orthonormal basis vectors 



^(|l) + |01)),i(|10)-|010)),|00) 

V ■ " ' |e 3 > 

which is the basis from Example |3.4| plus the basis vector 1 00) . 
Since this orthonormal basis is prefix-free, so is H according to 



Lemma [3721 The quantum Kraft inequality from Theorem 13.61 
can be confirmed by explicit calculation: 



5> 

3 



«(e») _ 



= 2" 



= 2" 



2" 2 = - = 0.625, 



2~ A = 



2 + 3V2 
8 



0.78, 



Tr(2- A P(^)) = ^(e,|2 



-A 1 



13 

= — = 0.8125. 
16 



IV. Summary and Perspectives 

We have defined prefixes, restrictions, tensor products, and 
concatenation of indeterminate-length qubit strings. This led 
to a very general definition of prefix-free Hilbert spaces 7i 
(Definition |3.1| ). In the special case that H has a basis of length 
eigenstates, this definition is equivalent to that by Schumacher 
and Westmoreland (Lemma I3.31 l. Consequently, these Hilbert 
spaces can be used for lossless quantum compression as shown 
in 0. 

However, there are strange prefix-free Hilbert spaces (cf. 
Example 13 -4b that do not have the nice property that different 
code words can be distinguished with certainty by looking 
at their prefixes only. Still, these spaces obey a generalized 
quantum Kraft inequality (Theorem l3.6b . 

It is an interesting open problem if these spaces are useful 
for quantum compression. The key question is whether the 
concatenation of qubit strings makes physically sense; if it 
does, it can serve as a replacement for the condensation 
operation in J3]. In general, the map 1— * \ip) o \tp) is not 
even an isometry, as the example after Definition 12.41 shows. 
Yet, maybe it is an isometry, and thus physically realizable, if 
it is restricted to prefix-free Hilbert spaces. 

Another interesting question is if these spaces are relevant 
for algorithmic information theory. This motivation is also 
mentioned in (3). In particular, the role of these generalized 
prefix-free Hilbert spaces should be clarified for the definition 
of prefix-free quantum computers and quantum algorithmic 
probability. 
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